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Abstract 



The temperature inversion symmetry R — > ^ is studied for the finite temperature 
effective potential of the N = 1, d = 5, supersymmetric 5?7(3) c x5l7(3) U ; model, 
on the orbifold S 1 jZ^- For the value of the Wilson line parameter a — 1 (SU(2)l 



Qh* breaks to a C/'(l)), it is found that the effective potential contains a symmetric part 

and an anti-symmetric part under £ — * |, with, £ = i?T. When a = (for which, 
SU(2)l remains unbroken) it is found that the only contribution to the effective 



potential that spoils the temperature inversion symmetry comes from the fermions in 
the fundamental representation of the gauge group, with (+, +) or (— , — ), Z2 parities. 
This is interesting since it implies that the bulk effective potential corresponding to 
\ models with orbifold fixed point localized fundamental fermions (and with no bulk 

CO ■ fundamental fermions) has the temperature inversion symmetry. 



Introduction 



The importance of dualities in quantum field theories is undoubtable, especially for ef- 
fective theories that their predictions lie beyond the perturbative limits or the current 
experimental bounds. The temperature inversion symmetry (expressed by the transfor- 
mation R — > ^ ), if it holds, connects the zero temperature vacuum energy of a field theory, 
with the Boltzmann free energy. Thus the study of such a symmetry in field theoretic mod- 
els is of great importance since it connects two conceptually different limits of the same 
theory. 

As stated above, temperature inversion symmetry stands for the transformation R — > 
y . The name temperature inversion symmetry pQ is misleading but it is traditionally used 
to describe systems that, under the transformation R — > ^, their Boltzmann free energy 
(high temperature limit) is equal to the Casimir vacuum energy at zero temperature. For 
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example consider a d = 4 supersymmetric non-interacting ensemble of periodic fermions 
and anti-periodic bosons. The free energy of this system at high temperature is equal to: 



.4 -2 f * ?7r 



F = — T 7T (- h - — ), (1) 

v 45 360 7 ' v ; 

while the Casimir energy of the ensemble is: 

Using the transformation i? — > y we can see that T = — i£ , because the system is anti- 
symmetric under the temperature inversion symmetry. 

There is an intriguing similarity of this symmetry with the T-duality [27] of the closed 
bosonic string. The total squared mass of the bosonic string is: 

1 /2 

with a' ' the self dual radius. We can see that the total mass square is invariant under 
the transformation R — ► ^ and n — ► This is known as T-duality for the bosonic 
string and it connects the R — > with the R — > oo limits of the theory (actually the two 
limits describe the same theory). This is an intrinsic feature of string theory. The total 
mass square contains the Kaluza-Klein excitations ^ and the winding modes w2 Jf ■ The 
winding modes are absent from field theories and that is why T-duality is not a symmetry 
of field theory models (and so the R — ► oo and R — ► limits are disconnected). 

However the Kaluza-Klein mass at finite temperature of a periodic boson in field theory 
(for a compact dimension of radius R) is: 

2 47T 2 n 2 2 2rr2 I a\ 

"Vm = —^2" + 4?F m T ( 4 ) 

The winding modes are absent but there are "thermal winding modes" ~ m 2 T 2 (if we are 
allowed to use this expression). In a way temperature inversion symmetry can serve as 
the corresponding T-duality of field theory. Indeed the transformation R — > ^ leaves the 
thermal Kaluza-Klein mass invariant. 

It worths mentioning another similarity. The closed bosonic string free energy trans- 
forms under the thermal duality [20] transformation T — > T 2 /T (closely related to the 
T-duality) as: 

' T 2 \ / T \ 2 

r) (5) 



with 



M str 1 , . 

Tc = ^T = 2^ (6) 

the self dual temperature (Hagedorn) and M S £ r , the string scale. Due to the thermal 
duality the high temperature limit (well above the Hagedorn temperature) is related to 
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the low temperature limit (well below the Hagedorn temperature). In the field theory case, 
as far as the temperature inversion symmetry is concerned, no similar situation occurs, 
which means that there is now way to relate the high and low temperature limit of the 
same theory. However there exists a similarity in the context of the temperature inversion 
symmetry. In field theory, the scaled bosonic free energy /(£), with £ = RT, is covariant 
under £ — ► \ and obeys the relation 



According to the above considerations we could say that the temperature inversion symme- 
try is the corresponding combination of the string theory's T-duality and thermal duality 
for field theory models with compact dimensions at finite temperature. 

In general, when studying four dimensional models with one compact dimension, the 
scaled finite temperature effective potential of a boson is symmetric under temperature 
inversion symmetry, while the effective potential of a periodic fermion and anti-periodic 
boson (periodicity referring to the compact dimension boundary condition) is antisym- 
metric. Moreover when bosons are periodic and fermions antiperiodic, the vacuum energy 
is symmetric under R — > A [I] . 

It is clear that the boundary conditions used in circle compactifications affect the 
transformations under R — > A, making the ensemble either symmetric or antisymmetric. 

In this paper we extend the study of temperature inversion symmetry to five dimen- 
sional orbifold models. We shall consider how orbifold boundary conditions modify the 
transformation of the effective potential under R — > ^. 

Field theoretic orbifold compactifications are very useful from many theoretical points 
of view, for example the problem of fermions chirality in higher dimensional field theories, 
which can be solved through field theoretic orbifold compactifications [BJ \7\ [25] (originally 
used in string field theory compactifications). On the orbifold compactification setup, 
fermions can be localized on Ad dimensional hypersurfaces called branes, which are curva- 
ture singular fixed points of the orbifold. Thus chirality can be achieved. Also the use of 
orbifolds offers many theoretical uses, such as, gauge symmetry breaking [I5l [I6j [9] and 
higher dimensional supersymmetry breaking |17 ^ I25| , [2^ , I13 | I15|. Many alternative models 
in d = 5 and d = 6 dimensions have been introduced mainly using S 1 jZ^ and S 1 jZi x Z' 2 
orbifold structure for the extra dimension. The primary objective of all extra dimensional 
models is to mimic at low energies, the Standard Model, or the MSSM. One promising 
class of models is the so called gauge-Higgs unification models [3], where the Higgs 
field is identified with the higher dimensional component of a gauge field. In this paper 
an S 1 /Z2 orbifold compactification gauge-Higgs modelling shall be used. Usually in these 
models one starts with a higher dimensional (five or six dimensional) gauge theory (super- 
symmetric or not) of some simple gauge group (i.e. that cannot be written as a product 
of groups and thus can have only one coupling) and breaks the gauge group through the 
orbifold boundary conditions. Further breaking of the gauge symmetry can be achieved 
radiatively through the Hosotani mechanism [jLOj (Wilson line breaking) since the vacuum 
expectation value of the Higgs field is proportional to the Wilson line phase. 




(7) 
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In this paper we shall study the bulk effective potential for the N = 1, d = 5, super- 
symmetric SU(3) c xSU(3) w gauge-Higgs unification model at finite temperature @]. For 
this model we shall use the S 1 jZi orbifold compactification boundary conditions for the 
fields and go over the temperature inversion symmetry [I] R — > A for the bulk effective 
potential. The (Wilson line) minima of the effective potential a = 0, 1 and Scherk-Schwarz 
phases for the s-parteners shall be used. Furthermore, the particle content shall be that 
of a iV = 1, d = 5 vector multiplet, which in d = 4 dimensions is equivalent to an N = 2 
supersymmetry vector multiplet |18l I12j (one vector and one chiral d = 4 multiplet). Also 
bulk matter fields, with various flavor numbers and group representations shall be added, 
in order to study their effect on temperature inversion symmetry of the corresponding 
effective potential (for a very nice calculation method of the effective potential see [8]). 

In the next section a brief review of the orbifold compactification procedure shall be 
given. 



Brief Review of Orbifolding 

Orbifolding is a string inspired technique that was originally used in TeV physics in order 
to obtain chiral fermions from a higher dimensional vector- like theory [6l [24"1 [25] . Later 
uses include supersymmetry breaking and gauge symmetry breaking on the orbifold fixed 
points [151 [161 [T71 [13]. Orbifolds can be constructed by acting on a compact manifold C 
non freely, with a discrete group H. Under the transformation of the group, represented 
by Oi, the point y of the compact manifold C is identified with Cft(y) that is, 

y ~ Ch(y)- (8) 

The lagrangian of the field theory must be invariant under the equivalence relation ([8]). 
If (p(x, y) is a field representing all fields and y the coordinate of the compact space to be 
orbifolded, then: 

Ltf(x,y)) =L(4>(x,(h(y)), (9) 
which in terms of the fields becomes, 

<P(x,(h(y))=Z h <P(x,y). (10) 

Zh has to be a symmetry of the lagrangian and the various fields must transform in such 
way that the above symmetry holds. The non free action of H on C means that the 
transformation ^ has fixed points. Thus the resulting quotient space O = C/H is not a 
manifold but a singular space at the fixed points of the transformation called orbifold. It 
has to be mentioned that if 4>(x, y) is a representation of some group then Z^ can be a non 
trivial representation of the discrete group H. This way, gauge symmetry can be broken 
between the components of the gauge multiplet. We describe below the example of S 1 jZ^ 
orbifold which shall be used in this paper. 
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Scherk-Schwarz breaking 

In this subsection the Scherk-Schwarz mechanism [23] is described and the conventions 
of this section shall be implied in the following. The Scherk-Schwarz supersymmetry 
breaking mechanism is based on imposing different boundary conditions between fermions 
and bosons under the transformation y — > y + 2irR, that is [7]: 

$(x,y + 2irR) = e i2n/3 <S>{x,y). (11) 

Due to the above boundary condition, the fields have KK expansions as 

oo 

Hx,y)= e^^ix), (12) 



or 



and 



Hx,y)= f; cos (^±^)<I>™(z), (13) 



*(x,y)= sin(^±^)$«(x), (14) 

n=— oo 

for the orbifold case, in general. 
The S 1 /Z 2 orbifold 

One of the most frequently used one dimensional field theoretic orbidold, is S 1 /Z 2 . It is 
constructed by identifying a point y on S 1 with —y, that is, a Z 2 equivalence relation [15] : 

z 2 :y -y, (15) 

with 5 1 coordinatized as —irR < y < ttR and R the circle radius. The Z 2 action has two 
fixed points y = and y = -kR which in our world terminology, in terms of M 4 x S 1 /Z 2 
space-time, are called branes. Under the Z 2 identification, the resulting space is an orbifold 
coordinatized as < y < irR. A quantum field (that may be a representation of a gauge 
group) transforms under the Z 2 action as: 

<l>(x,-y) = Z(j){x,y). (16) 

It can be easily seen that Z 2 = I. So in the field representation space, Z can be diagonal- 
ized with eigenvalues ±1. This means that Z can be /, — /, or a mixed diagonal matrix P 
with eigenvalues ±1. The later can be used to break gauge symmetry (see below). 

Orbifolds will be used later on to break gauge symmetry, so a simple example follows 
here, to see how this works out. Consider a pure 5d SU(3) model, with action: 

S = J dx 4 dy(~F MN F MN ), (17) 
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with M,N = 1,2,3,4,5. In order to break SU(3) we choose the following boundary 
condition for the SU(3) Lie algebra valued gauge field connection Am' 

A M (x,y) = A M PA N (x,-y)P^ 



where 



/ 1 
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which is determined from the requirement of 5d Lorentz invariance [18] and 



(18) 



(19) 



-1 




(20) 



Under this specific representation P of Z2 (note that P 2 = 1), Arf ' and A^ are even, 
while, ^4^' 5,6 ' 7 are odd. Thus on the orbifold fixed points, i.e. in Ad, SU(3) is broken to 
SU(2) x £7(1), since the harmonic expansion of each of A^' 5 ' 6 ' 7 does not have a zero mode. 
So the well below the compactification scale particle spectrum is arranged to SU (2) x U (1) 
multiplets. Note that the original gauge symmetry is reduced to the centralizer of P 
in SU{3) (or equivalently, only the field components with [P, A^] 7^ break the gauge 
symmetry). It must be mentioned that there exist another one discrete symmetry Z' 2 
on top the one described above, when the extra dimension number is one. The extra 
orbifolding can lead to supersymmetry breaking and gauge symmetry breaking in some 
models H3 HU H5J . 



Gauge-Higgs Unification modelling on S 1 jZi 

Consider for simplicity a 5d SU(N) gauge theory on S 1 /Z2 x M (the notation of [9] is 
used). Gauge fields are bulk fields. We denote the fifth coordinate as y which characterizes 
S . The orbifold S 1 /Z2 is constructed by two coordinate identifications y — > — y and 
y — ttR — ► ttR — y, with R the S 1 radius. 

The formulation of a gauge theory on S 1 /Z2, requires Z2 to be a symmetry of the 
lagrangian. The orbifold identification of coordinates and the requirement of Z2 symmetry 
of the lagrangian, dictates the following field transformations, under the Z2 action: 



-y) = PA, 



{x^y)P ] 



(21) 



A 5 (x»,-y) = -PA 5 (x»,y)pl 



(22) 



(x"-y) = nT(P)<l>(x»,v) 



(23) 
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ii(x», -y) = v'T(P)j 5 1>(x", y), (24) 

where A^, A$, are the Ad gauge field and the fifth component of the gauge field. It is 
the vacuum expectation value of the latter that will play the role of the Higgs field. Also 
(I23p and (|24f) correspond to the boson and fermion transformation. P is a suitable Z2 
representation for gauge fields components and T{P) is also an appropriate representation 
(for example when i/j belongs to the fundamental or the adjoint representation, T(P)ip 
corresponds to Pip and PifjP^ respectively). Finally 77 and rf take the values ±1. In the 
same way, one can substitute P' for P and the transformation y — ttR — ► ttR — y and the 
same relations hold. In general P 7^ P 1 but the P = P' case shall be studied in this paper. 
According to the eigenvalues of P, P' parities, i.e. (±1, ±1), the gauge field, for example, 
has the following harmonic expansions: 



A M (^,y) (+ , +) = -^==^4«)(^) (+!+) cos(^) (25) 



M**>V\+,-) ^E^^)^-)™^) (26) 

* n=0 

1 00 ( -I- —\ 

*)(-,+) = ^E4 n) (^)(-,+) sin (^^) (27) 

M^v)(-.-) = t^E^^c-,-)^^^) (28) 

n=0 

The expansions of other fields can be done in a similar way. Note that only the fields 
having (+, +) parities have zero modes and thus only these appear as massless particle 
states at low energy compared to the compactification scale. The case that zero modes 
of A 5 have branching (1,2,1/2) and (1,2,-1/2) under SU(3) C x SU{2) L x U(1) Y shall 
be adopted in this paper (following [9]). These zero modes are regarded to be the Higgs 
doublets and this is the essence of gauge-Higgs unification. It is noticeable and crucial 
to note that after radiative corrections, the Higgs mass will be finite, which follows from 
5d gauge invariance, that guarantees the masslessness of A5 components. In the case of 
N = 1, 5d supersymmetry after compactification A§ is combined with an adjoint scalar 
field. N = 1, 5d supersymmetry corresponds to N = 2 supersymmetry in Ad, where the 
5d vector multiplet is composed from a d = 4 vector multiplet and a d = A chiral multiplet 
in the adjoint representation of gauge group ie: 

V 5 = (A M ,\\',a), (29) 

is decomposed to: 

V = (A^,\) (30) 

E(a + iA 5 ,\'), (31) 
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the adjoint vector and adjoint d = 4 chiral superfields, with 

V = -Oa^OA^ + i6 2 9\ - iOWX + ^PPD, (32) 

and 

E = -pfc + Ms) + ^2#A' + # 2 F. (33) 
The orbifold boundary conditions for the supersymmetric case read: 

V(x»,-y)\_ ( V(x»,y) \ t 

E(^,-y) J M -E(^,-y) >T ' ^ 



and 

V(x»,irR-y)\ = ( V(x»,nR + y) \ t 
E(a^,7ri?-y) y I -E(a7\ vri? + y) 



(35) 



In this paper we shall use the point of view of [S] and add extra matter bulk fields (hy- 
permultiplets in terms of N = 2 supersymmetry in d = 4) in the adjoint and fundamental 
representations of the gauge group. That is, we add Nf fundamental hypermultiplet and 
N a adjoint hypermultiplet. In d = 4 the N = 1, d = 5 fundamental and adjoint hypermul- 
tiplet, vl/ and ^f a respectively correspond to four N = 1 chiral superfields and anti-chiral 
i.e.: 

*= (0,0 ct ,0,0 ct ), (36) 

decomposes to $ = ((f>,(j>), chiral superfield and $ c = ((ft c ,(f) c ), anti-chiral superfield. Also 
ty a = {(f) a , (j) ac >, cf) a , <ft ac ^), decomposes to a chiral superfield $ = (4> a , <ft a ) and 3> ac = 
((j) ac , 4> ac ) , an anti-chiral adjoint d = 4 superfield. The orbifold boundary conditions for 
the matter superfields are: 

$(z",-y) \ =riP ( $(x",y) \ , 7 , 

^(x^-y) ) ^ -$ c V,y) J ' {6t) 

*(x»,irR-y) \ = , ,( *(x»,irR + y) \ 

$ c t(^,vri?-y) J 1 \ -^{x^,TTR + y) J' 1 } 

*°(^,-y) \, _„ P ( W (39) 

$ Q (x^7ri?-y) \ , ,/ $«(x»,wR + y) \ , t 
$ ac t(x^,7rii-y) y ' V -$ ac t(x^,7rii + y) y ' { 1 

In the following two sections, two supersymmetric models shall be treated, SU (3) c x SU (3) w 
and 517(5), with P = P'. 



8 



The SU(3) c xSU{3) w gauge model 



Consider an SU(3) c xSU(3) w model in d = 5 with the representations of Z2, P and P', 
written in the basis of SU (3) w as: 



1 











-1 











-1 



P' = -1 . (41) 



The components of V and £ (described in the previous section) transform as: 

(+,+) (-,-) (-,-) 
V= I (-,-) (+,+) (+,+) I , (42) 



(43) 



:- -) 


(+, 


+) 


(+,+) 


-,-) 


(+, 


+) 


(+,+) 


- -) 


(+, 


+) 


(+,+) 


+,+) 


(- 


-) 


(-,-) 


+,+) 


(-, 


-) 


(-,-) 



under the transformation, 



E(s",-y) ) M -S(^,-y) 



and 



V(x»,xR-y)\ = ( V(x»,7rR + y) \ t 



(45) 



One can see that SU(3) W is broken down to SU(2)l x U(l)y by observing the zero modes 
(+, +) of the gauge field V. Also the zero modes of S reveal the Higgs doublet structure. 
It must be noted that in the above case two Higgs doublets appear and also that SU(3) C 
is not broken by orbifold boundary conditions (P = P' = I in the basis of <577(3) c ). Now 
the vev of the scalar part of S is a doublet, so the Wilson line degree of freedom utilizing 
the residual SU(2) gauge symmetry can be written as [8]: 

< S > = ^I>"T = 1 1 ' (46) 

with g the 5d gauge coupling. Note the existence of one vev. The parameter a is related 
with the Wilson line phases and determines the further breaking of the gauge symmetry. 
In this paper, two symmetry breaking patterns shall be used, determined by the values of 
a, that is [1]: 

• a = 1, for which SU(2)l breaks to a U'(l) so the residual symmetry is U'(l) x U(l)y 

• a = 0, for which SU(2)l remains unbroken. 









a 
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These two values correspond to minima of the zero temperature effective potential [SJ. 

Along with the gauge multiplet described above, additional matter fields are added 
in the full particle content of the model, specifically N a adjoint and Nf fundamental 
chiral superfields (which are described below equation (|35p ), A further decomposition is 
imposed, that is, N a is decomposed to A+ and N~ and Nf to Nj~ and NJ , according 
to the sign of the product rjrj' (see equation (p7|) and below). and A+ correspond to 
7/7/ = 1 and A~ and NJ to 7/7/ = — 1 (so fields with (+, +) or (— , — ) parities are counted 
in the first two). 

SU(3) c xSU(3) w at finite temperature 

In this section the finite temperature effective potential [HI H] of each multiplet described 
in the previous sections shall be given. The total effective potential, Vtot, is equal to the 
sum of each multiplet contribution. We start with the gauge ghost gaugino potential 



(the "+" sign corresponds to the rjrj' value.): 

^H/tOT £ M» 2 (f> 2 + P 2 + (^) 2 ™ 

n,m=— 00 



+ ln[(n-a) 2 A 2 +p 2 + (27rT) 2 m 2 } 
R 

+ 21n[(n-|) 2 (|) 2 +p 2 + (2vrT) 2 7n 2 ] 
„<i-2 



A\^ T R £ H{n-« + P)\%? + V> + {2.T) 2 { m + 1 -. 

n,rn=—oo 



2] 



+ ln[(n + /3) 2 (|) 2 +p 2 + (2,T) 2 (m + \) 2 ] 

+ 21n[(n - I + P) 2 (^) 2 +p 2 + (2nT) 2 (m + \) 2 ). (47) 

where above and in the following the usual convention for finite temperature field theories 
was used, that is, periodic bosons and anti-periodic fermions at finite temperature (a 
choice consistent with KMS relations). The Scherk-Schwarz phase (3 has been added to the 
gaugino sector [8]. The contribution of a| +/I fermions in the fundamental representation 
with 7/7/ = 1 is: 

rrf 4N f +) f dp d ~ 2 T ^ , a ^ 2/ 2tt x2 2 , 2l 

V W = —h J W^R £ H(n-- + m^) 2 +P 2 + (2-T) 2 m 2 ] 

n,m=—oo 



+ ln[(n + /?) 2 (^) 2 +p 2 + (2vrr) 2 m 2 ] 
R 



<+ 7(^l t M(n + f«|f + ^ + (2.Tf (m+ i)^ 

** v * n tki — — rv-^ 



4A^ /• dp d~2 



n,m=—oo 



2ir 1 
+ ln[n 2 (-) 2 + p 2 + (2vrr) 2 (m + -) 2 ]. (48) 
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and the contribution of ivj. ^ with 777/ = — 1: 

r(") 



V (-) = —hJj^R E ln[(n-- + - + /3) 2 (-) 2 + p 2 + (2 7 rT)W] 

n,m=— 00 



1 2-7T 

+ ln[(n + - + /?) 2 (^) 2 + P 2 + (2vrT) 2 m 2 ] 



4M ) /■ d/- 2 T ^ a 1 n2 ,2ti\ 2 2 ,„ m , 2 , 1. 

+ ~hj^R E ln[(n-- + -) 2 (-) 2 + , 2 + (2vrT)V + - 

n,m=— oo 



2l 



+ ln[(n + ^) 2 (f ) 2 +P 2 + (2vrT) 2 (m + \)\ (49) 

Notice the difference in the two contributions coming from the orbifold boundary con- 
ditions and the different Wilson line phase eigenvalue. The effective potential for 
adjoint matter field chiral multiplet, with r\r{ = 1 is: 

4ivl +) f dp d - 2 T ^ 2/ 2tt n2 2 . m , 

* ' -v> to i-v^ 



2 2i 

m 



n:m= — oo 



+ ln[(n-a) 2 (^) 2 +p 2 + (2^T) 2 m 2 ] 
+ 21n[(n-|) 2 (^) 2 +p 2 + (2.T) 2 m 2 ] 



+ (£)^R ^ ln[(n-a + /?) 2 (-) 2 +p 2 + (2vrT) 2 (m + - 

n,m=— 00 



2l 



+ ln[(n + /3) 2 (|) 2 +p 2 + (2vrT) 2 (m + I) 2 ] 

+ 21n[(n -f + /?) 2 (^) 2 +p 2 + (2vrT) 2 (m + (50) 

Note that for 7Vq + ^ = 1 the adjoint chiral multiplet together with the gauge vector multiplet 
correspond to N = 2, d = 4 super symmetry. Finally the contribution of iV^ adjoint chiral 
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superfield with ijrj' = — 1 is: 



' f d P a ~ Z T ^ , 1, 2 , 2 ^2 2 , ^2/ 

V ^ = — WY^R ^ ln [(n + /(^) 2 +p 2 + (2 7 rr)V+2) 2 ] 

?i,m=— oo 



+ M(n - a + i) 2 (|) 2 + p 2 + (2^T) 2 (m + I) 2 ] 
+ 21n[(n - f + 1) 2 (|) 2 +p 2 + (2.T) 2 (m + ^) 2 ] 



/(CT^l E ln[(n-a + /3 + i) 2 (|) 2 + p 2 + (2vrr)W] 

n.,m=— oo 



1 27T 

+ ln[(n + /3 + - ) 2 (-) 2 + p 2 + (2vrT) 2 m 2 ] 

+ 21n[(n " f + /? + ^) 2 (f ) 2 +P 2 + (2vrT) 2 m 2 ]. (51) 



Vtot = V* + V,f + Vfo + Vft + V' (52) 



The total effective potential for the above particle ensemble at finite temperature is written: 

f + ) + V M + V i + ) + *H + V (-) 
The a = 1, (5 = \ case 

The case a = 1, /? = \ is very interesting since the remaining SU(2) gauge symmetry that 
"survived" the orbifolding breaks dynamically to a J7'(l) [TQIEIII] through the Wilson line 
phase at the minimum a = 1. The contributions for the fields become: 

v w = -\j^ T n t 2M" 2 (|)W + (2*r)W] 

v ' n,m=— oo 

+ 21n[(n + i) 2 (|) 2 + p 2 + (2.T) 2 m 2 ] 



n,m=— oo 



?7T 1 

+ 21n[n 2 (— ) 2 +p 2 + (2^T) 2 (m + -) 2 ], (53) 
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for the gauge, ghost and gaugino. For ivj. ^ fundamental fermions with r\rj = — 1: 
„/ 4Af}" } f dp d - 2 T ^ , 1 n2/ 27t n2 2 . m . 2 2l 

v ' r» m — — rv*i 



n,m=— oo 



+ ln[n 2 (^) 2 +p 2 + (27rT) 2 m 2 ] 
ri 

+ ^hk^R E ln[n 2 (-) 2 + , 2 + (2 7 rT) 2 ( m+ -) 2 ] 

n,rn=—oc 



+ ln[(n+^) 2 (|) 2 +p 2 + (2.T) 2 (m + i) 2 ], 



and for ^Vj + ^ fundamental fermions with rjrf = 1: 

4M +) /■ dp d ~ 2 T ^ , r 2 ,2vr 



^ ' <r> TK) — — 



7i,m= — OO 



+ ln[(n + ^) 2 (|) 2 +p 2 + (2vrT) 2 m 2 ] 

4M +) f d p d - 2 T ~ 1 2vr N 



4iV^ r r ^ , .. 1 n2/ 2tt n2 2 / m x 2 / ^2 



n:m= — OO 



+ ln[n 2 (|) 2 + p 2 + (2^T) 2 (m + I) 2 ]. 



Finally the potential for ATq +/I adjoint chiral superfields, with 7777' = 1 

V ' Tl Ml rV\ 



TlJXYl— — OO 



+ 21n[(n+i) 2 (|) 2 +p 2 + (2vrT) 2 m 2 ] 

r(+) 



4iV^ ; /" dp*"- 4 T ^ , 1 n2 ,2?t, 2 2 / ^2/ ^ 

+ — JWy^R ? »taI(» + 5 )V+ P , + (a^) , (m + 5 ) 



n,m= — 00 



+ 21n[n 2 (|) 2 +p 2 + (2 7 rT) 2 (m + i) 2 ], 
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and for ^ adjoint with 777/ 

r(-) 



" \ ' lyt ryft i-v~l 



2l 



n,m=— 00 

+ 21n[n 2 (|) 2 + p 2 + (2vrT) 2 (m+i) 2 ] 
47vi _) /* d/~ 2 T ^ 2 .2tt, 



" V / <V> 1-V) i-v^ 



n,m=— 00 



+ 21n[(n+i) 2 (|) 2 + p 2 + (2vrT) 2 m 2 ]. (57) 



Again, the total effective potential Vtot is: 

/ (+) + V (+) - '(+) ^ '(-) r '(-) 



= V* + V"' + Vfo + Vf\ + V/, . (58) 



Upon using, 



dkd ln(k 2 + a 2 ) = -^^-a d , (59) 



the total contribution of N+, N a , Nj~, Nj- and of the gauge-gaugino, to the effective 
potential becomes, 

2T / \ rf— ) 

V tot — (NJ +N+ + 2 + 2N~ + 2N+)-^± x (60) 
K \ J ■> J (4vr) — 

£ ( (2 .T) 2 m 2 + ( n + l) 2 (|) 2 ) 2 

n=— oo 

OO d—2 

J] (((2-T) 2 (m + I) 2 + n 2 (|) 2 ) ) 

r2— 



2 

2 



,2tt, ' d - 2 



£ ( ( 2.T) 2 m 2 + n 2 (f) 2 )- 

n,m=— 00 

f; (((2vrT) 2 (m + I) 2 + (n+i) 2 (|) 2 )' 



n,m=— oo 
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By introducing the dimensionless parameter £ = RT, we obtain, 



Vt 



2T 



tot 



N 7 + NT + 2 + 2N~ + 2N~ 



R V'f 



(4vr 



d-2 
2 



E (£ 2 m 2 + (n + 



2\ 2 



E {e^+\? + 



n 



+ 



n,m=—oo 

2T 



n,m=—oo 



( N - + N + + 2 + 27V- + & d - 2 HjLl > 



oo 

E f^ 2 + 



(4vr; 



d-2 
2 



d-2 
2\ 2 



n 



n,m=— oo 



n,m=— oo 



(61) 



and with the aid of two dimensional Epstein zeta [21 [26 



Z 2 



9i 92 
hi h 2 



i,ai,a 2 )= (ai(n + #i) 2 + a 2 (m + g 2 ) 2 ) a x exp[27rz(ra/ii + mh 2 )], 



n,m=— oo 



we obtain, 



tot 



f]V7 +Nf + 2 + 2N- + 2N+) (5) d - 2 ^4i 



2T 



r Y'f ^ iy f 



R 



(47T 



d-2 
2 



^2 



u 2 





(^,«M>-* 



2 u 





2T / 

— (iVf + N+ + 2 + 27V" + 2N- a 
2-d 



■ 2ir,d-2 r( 2 -2^ 



R 



(4vr 



d-2 
2 



^2 








1 1 

2 2 





,2-d 



(62) 



To extend analytically the two dimensional Epstein zeta, to values Rea < 1, we use the 
functional equation, 



91 92 
hi h 2 



(a,ai,a 2 ) 



(63) 



(aia 2 )~^TT 2a ~ 1 x ex.p[-2iri(gihi + g 2 h 2 )] 



T(a) 



x Z 2 



hi h 2 
-9i ~92 



M 1 1 ^ 

(1 - a, — , — ), 

ai a 2 
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and Vtot after some algebra reads, 



Now set, 



and 



Vtot =2vr"2 (N- +N+ + 2 + 2N- + 2N+)£ 



R d 



Z-2 








1 





4 o 



2vr-2 \n y + N+ + 2 + 2N- + 2N+JC 
d 



R d 



Z 2 










_ 1 _ 1 

2 2 



/({) = {'' z 2 



1 



One can see that, 











-„i,e)-z 2 





-i o 




_1 _1 

2 2 



( 5 ,l,f 2 ) 



or equivalently, 








l 



1 i 

v 2' 'e 



o' 1 ' 72") ~ Z 2 





-i o 



■2' 'e 2 



/(J) = ^2 





o 4 





4 o 



From the last expression we easily obtain: 




Zo 





z 2 



1 

2 


— 



(~,e,i)-z 2 











1 



:~,u 2 )-^ 





4 o 



Then combining equations (|65l) . (|67|) . (|69l) . we obtain: 

/(e) = -^/(^) 

and in the same manner, for g{£) we get, 

So the total effective potential Vtot is written: 

CiV tot = f(0+g(0 
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with, 



Ci 



R d 

2vr-i f NT + N+ + 2 + 2Na + 2N+) 



(73) 



Notice that the temperature inversion symmetry is lost in the full effective potential 
and there exist a totally symmetric part g(£) and totally anti-symmetric part /(£) in the 
effective potential. 

The a — 0, (3 — \ case 

Now the case a = 0, j3 = \ follows. However this case is less interesting from a phe- 
nomenological point of view because SU(2)l remains unbroken. Despite that, we quote 
the results to see whether temperature inversion symmetry holds. Following the analysis 
of the previous section the total effective potential is calculated to be: 



V t 



tot 



d 

=2tt"2 



Z 2 




—\ 



R d 







+ 2vr-i (2NT + 4 + W~ + l.V,; )^'' 



Z 2 








R d 




_ 1 _ 1 

2 2 



(74) 



It is easily proved that, 

VA=27r-f (2.Y+)^ 
Z 2 



f 





—\ 



R d 

{\xe)-z 2 







(|,U 2 ) 



(75) 



is antisymmetric under temperature inversion symmetry while, 





V s = + 2tt-I (2NT + 4 + AN~ + 4iV+) £ 
Z 2 



R d 



(76) 








{\^e)-z 2 







,U 2 ) , 



is symmetric under temperature inversion. Comparing the a = and a = 1 case, it 
can be seen that in the first case only the fundamental fermions with (+,+) or (— ,— ) 
parities break the temperature inversion symmetry while, in the second case, all particle 
species contain a symmetric and antisymmetric part. A simple analysis can show that due 
to orbifold boundary conditions between the fundamental fermion multiplet components, 
the temperature inversion symmetry cannot be a symmetry of the effective potential, if 
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(+, +) or (— , — ) fermions contribute to the effective potential. This result is of particular 
importance since in some extra dimensions models, all the matter (flavor) fermions (leptons 
and quarks) are localized on the orbifold fixed points and do not have KK excitations nor 
zero modes. The result implies that in models with localized fundamental fermions on 
the orbifold fixed points, temperature inversion symmetry will be a symmetry of the bulk 
effective potential (using the conventions of the previous analysis, that is, a = and 



Finally it must be mentioned that the choices for the a and parameters where 
the most obvious ones, that is, a = 0, 1 (for which values Vtot has local minima and 
gauge symmetry breaks (a = 1) or not (a = 0), see [9]) and = \ (which gives total 
periodicity or anti-periodicity under y — > y + 2irR [3]). Also care has been made to study 
phenomenologically viable cases (for example giving the gauge bosons a Scherk-Schwarz 
phase, would be unacceptable phenomenologically). 

Of course there is always one question in gauge-Higgs unification models, which value of 
a and give correct electroweak breaking. The values used in this paper don't give correct 
electroweak symmetry breaking. Numerical analysis made in [9j 0] give reliable results. 
Our investigation involved the most obvious values for gauge symmetry breaking (that are 
minima of the effective potential) and periodicity anti-periodicity under y — > y + 2ttR and 
supersymmetry breaking. 



Conclusions 

Dualities play an important role especially in effective field theories with predictions that 
are energetically higher than the current experimental bound or perturbatively unreach- 
able. In this paper, we studied a kind of duality the temperature inversion symmetry pQ 
R — ► A, which connects the Boltzmann free energy, with the zero temperature vacuum 
energy of a system. This was done for the supersymmetric d = 5, SU(3) W x SU(3) C 
gauge-Higgs unification model. The value of the Scherk-Schwarz breaking phase used was 
= | and that of the Wilson line phase was a = 0,1. The value of corresponds to 
periodicity or anti-periodicity of the fields under y — > y + 2ttR in the first case [7] and 
the values a = 0, 1 are the minimum of the zero temperature effective potential [9J. For 
a = 1, it is found that, irrespectively what the number of hypermultiplets is, the total 
effective potential Vtot has an anti-symmetric part under R — > ^ (or equivalently £ — > ? 
with £ = RT) expressed in terms of /(£): 




f(0 



t d f(h 



(77) 



and a symmetric part <?(£): 



9(0 



(78) 



with 



CiVtot = /(0 + 9(0 



(79) 
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and C\ a constant. In the above £ = RT, where R and T are the compactification radius 
and the temperature of the system, respectively. For the case a = 1 the remaining, after 
the orbifold compactification, SU{2)l gauge symmetry, breaks to a U'(l). The case a = 
corresponds to unbroken SU(2)l gauge symmetry. In this case an interesting result has 
been found. It was shown in the previous sections, that the contribution of fermions in the 
fundamental representation of the gauge group, with (+,+) or (— , — ) Z<i parities, is the 
only contribution to the effective potential that spoils temperature inversion symmetry. 
Thus in models with orbifold fixed point localized fundamental fermions (without bulk 
fundamental fermions), the temperature inversion symmetry holds for the bulk effective 
potential. This has been examined extensively and for every case (the Scherk-Schwarz 
parameter was added in the fundamental s-particles) , but the result remained the same. 

Finally we must note that in order to get correct electroweak breaking in these models, 
a must take fractional values. For an excellent treatment of these issues see [HIH]. However 
for that values the symmetry would be completely destroyed. 

It seems that orbifolding affects the temperature inversion symmetry of the effective 
potential, corresponding to a field theory system, quantized on an orbifold. The same is 
also expected for any ensemble quantized on a product manifold with twisted boundary 
conditions. Thus the details of the boundary conditions determine whether the symmetry 
holds or not. 
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